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Summary. The present paper examines the Riemann problem for the numerical
solution of the Reynolds-averaged Navier-Stokes equations with Reynolds-stress
closure. Considering both the conservative convective fluxes and the Reynolds-
stress production terms the Riemann problem presents 6 states, separated by
waves. An HLLC—RSM approximate Riemann solver is developed.

1 Introduction

Recent work on the numerical computation of the Navier-Stokes equa-
tions with Reynolds-stress model (RSM) 7-equation turbulence closures,
both in a Reynolds-averaged (RSM—RANS) framework, or in continuous
RANS-to-DNS RSM—VLES approaches [1], has produced numerical meth-
ods which allow the evaluation and improvement of these advanced clo-
sures. However, especially when RSM—VLES approaches are concerned, it
is important to use low-diffusion [2] high-order schemes.

The use of low-diffusion approximate Riemann solvers (ARSs) using
a passive-scalar approach for the Reynolds-stresses [3, 4] fails even for
simple subsonic flows (Fig. 1). In a recent work [5] this was related to the
incorrect treatment of the contact discontinuity. In a classic low-diffusion
solver, the massflux has no dissipation for a stationnary contact disconti-
nuity [2] and treating the Reynolds-stresses as passive scalars yields the
incorrect condition that pressure is continuous across a contact disconti-
nuity, whereas the correct conditon is that p + pr,,n should be continuous.
One solution is using a hybrid scheme, with a dissipative massflux for the
Reynolds-stress transport equations [5]. This solution can be used with a
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variety of ARSs for the meanflow equations, and yields robust schemes
applicable to complex flows [5].

In the present work we examine the Riemann problem for RST, and
develop an HLLC—RSM flux for the coupled system of equations.
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Fig. 1. Mean-mass-flux pii, logarithmic law «", and Reynolds-stresses for near-
zero-pressure-gradient boundary-layer flow, using the HLLC ARS with the passive-
scalar approach for the Reynolds-stresses (comparison with measurements of
Acharyal6] at M. = 0.22; Rey = 21000, and at M. = 0.6; Reg = 33000).

2 Reynolds-Stress Transport
2.1 The Complete Set of Equations

The equations are separated into a convective part (time-derivatives and
first-derivatives), a diffusive part D (second-derivatives), and source-
terms S (which do not contain derivatives, or are modelled terms such
as the rapid part of redistribution).
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where the red terms correspond to the coupling of the Reynolds-stress
with the meanflow equations (through the convective fluxes), while the
green terms correspond to nonconservative terms coming form —P;; =
prieOz,Uj + prijr0y,U; (exact terms)
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2.2 Eigenvalues and Eigenvectors

Retaining the production terms in the RST, the system can be recast in
matrix form

ov ov
S A, =0 )

where A € R'?*!2 are nonstrictly hyperbolic matrices (12 real eigenval-
ues with multiplicity) which are not Jacobians of a flux-vector (noncon-
servative system). Considering, without loss of generality 4
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it is straightforward to show that the eigenvalues are

AL =0 —Va%+ 3z, (4a)

AL>'= =1u— Txx (4b)
Arx = U+ \/Trx (4d)
AL =0+ Va%+ 3re. (4e)

The analysis of a similar reduced problem by Berthon et al. [7] reveals
that the Riemann problem solution for this system is composed by 2 gen-
uinely nonlinear (GNL) waves and 3 linearly degenerate contact discon-
tinuities (Fig. 2), thus containing 6 instead of 4 possible states for the
construction of an HLLC-type flux.

2.3 Approximate Jump Relations

The nonconservative products are treated by connecting states across
the dsicontinuity with a linear path [7]. In that case, the jump relations
across a discontinuity with speed S, separating states 1 and 2, read
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Fig. 2. Riemann problem wave system for the Euler equations[4] (2 GNL-waves
and 1 LD contact discontinuity) and for the coupled Euler/RSM equations[7] (2
GNL-waves and 3 LD contact discontinuities).

(8 —12)p2 = (8 — 1) p1 (5a)

(S - ul) Au = p + A[ﬁrwm] (5b)

(S — t1)p1AD = Alpray] (5¢)

(S — 1) p1 Aw = Alpr..] (5d)

(S — Uy — AW A[pros] = P17es, AU+ (2P1750, + Alpras]) Al (5e)
(S - ’l~L1 - A’&,)A[ ] = [_) szlAu + (Pszyl + EA[pTxy])Aﬂ + (ﬁlrzzl + %A[ﬁTﬂﬁx])A’D

(59

(8 =y — Aw)Alpryy] = prryy, At + (2p17ay, + Alpray]) Av (5g)
(8 — a1 — AW)Apry:] = prryz, Al + (P172y, + 3A[072y)) A + (D170, + §A[r22]) AT

(5h)

(S — a1 — AU A[pryz] = p17az, AU+ (2p17 20, + Alpres]) Aw (51)
(S — a1 — AW A[pr.z]) = p172a, AU+ (P1720, + A[przm])Au + (Pp1ras, + A[prm])Au?

(5J)

(S — ti2)p2e3 = (S — w1)pre] (5k)

Also, obviously (Eq. 5k) * is a passive scalar for this system of equations.

2.4 Approximate Jump Relations for \ # u

A straightforward solution can be obtained for A[pr,,] from (Eq. 5e), for
A # 1,
3p1T e, Au

S — @, — 240 (62)

Alprag] =
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Approximate Jump Relations for A = @ + Va2 + 37,

In that case all the other approximate jump-relations (Eqgs. 5) can be ex-
pressed as functions of Ax

QﬁlTwy] Al

AD =
(S —uy — %Aﬁ)(s - al)ﬁl - (ﬁlrwm + %A[ﬁrww])

(7a)

Approximate Jump Relations for A = @ + /7,
In this case (LD-wave) it is reasonable to assume that

S = 'al =+ VTxe, = 'a2 + VTxas (8)

Using these relations (Eqs. 8), in conjunction with the density jump rela-
tion (Eq. 5a), in the equations for A[pr,.] (Eq. 6a), Au (Eq. ??), and in the
z-momentum jump-relation (Eq. 5b) yields

Tazy = Taz, (9a)

U1 = g (9b)

p1 = p2 (9c)

P12z, = P2Tazs (9d)

1 =D2 (9e)
+p1\/Taz, AV = Alpra,] (10a)
1\ Ty AW = Alpr.z] (10b)

2.5 Approximate Jump Relations for A\ = @

On the contact discontinuity corresponding to the eigenvalue \ = 4, it is
reasonable to assume

Si = Upssx = URsx = Usx (11)

as in the case of the HLLC ARS for the Euler equations [4, 8]. Then the
approximate jump relations become

Prss + PrasTzz.., = DRex T PRexTzap, . (12a)
PLesTay, ., = PrexTzy,,, (12b)

PLisxT 2z = PRxT 2250 (12¢)

Upssx = URss (12d)

ULk = VR (12e)

wL** = U~/R** (12f)
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2.6 Closure Relations for the HLLC—RSM Flux

Using the the jump-relations across the 2 GNL-waves we can determine
the various states in the HLLC—RSM ARS, viz

[ﬁL(SL - ﬁ/L)ﬂ/L - (]5 + ﬁrw;ﬂ)L] - [ﬁR(SR - ﬂ/R)ﬂ/R - (15 + ﬁrmw)R]

S« = — = — p
pL(SL — UL) — pr(Sk — Ur)

(13a)
3ﬁLTzzL(S* - ﬂL)
Sy — Uy, — 2(S« — )
(13b)
3ﬁLTzzL(S* - ﬂL)
SL — Gy, — 2(S. — ay)
(13c)

Obviously for the HLLC—RSM ARS the tangential velocities are not passive
scalars. They are continuous across the A\ = & LD-wave, but not across the
A =@+ +v/a? + 3r,, GNL-waves nor across the A\ = 4 + /7, LD-waves. Us-
ing the appropriate jump relations for v (Eqs. 12b, 12e, 10b, 7a) it follows
that

PLisTzeie = PLxxTzry =

Prre = Prax = (P + praa )L + (S« — ) pL(Sy — ay,) —

(ﬁLL* Tz, Uit + PRR#\/Tawzgn. VR T PR Taypps — ﬁLL*rmyLL*)
Pris/Tazie, T PRR}A/T220ms
(14)

with a similar relation for w. The above relations completely define the
HLLC—-RSM flux.

ULsx — URkx —

3 Conclusions

Reynolds-stresses transport cannot be accomodated, in low-diffusion (contact-
discontinuity resolving) ARSs, by simply using the passive scalar ap-
proach. In the present work we developed an HLLC—RSM ARS for RST.
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